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It is well known that bubbles possess the potential to increase economic welfare
due to a reduction of capital accumulation in deterministic overlapping genera-
tions economies that are in a dynamically inefﬁcient state. However, actual
economies are stochastic, where the concept of dynamic efﬁciency has turned out
to be a complex issue. This paper contributes in two ways. First, the model
presented in this paper establishes that dynamic inefﬁciency is not a necessary
condition for deterministic bubbles in a stochastic economy. Second, a simulation
shows that although bubbles cannot persist in the stochastic steady state, they can
still cure overaccumulation of capital for a time long enough to cover agents’
relevant time horizon.
Keywords: bubbles, dynamic efﬁciency, capital overaccumulation, stochastic
OLG model.
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1 Introduction
Research on bubbles in deterministic overlapping generations models has
shown that they are able to move a dynamically inefﬁcient economy
towards dynamic efﬁciency through a reduction of capital accumulation
(Cass, 1972; Tirole, 1985; Weil, 1987; Blanchard and Fischer, 1989,
provide an overview of the main arguments). However, it is not clear so
far, whether the potential to restore dynamic efﬁciency by speculative
bubbles is of any relevance to actual economies. In this paper, we discuss
this question in relation to a simple stochastic overlapping generations
economy, where, as is also the case in reality, the return to capital is
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uncertain. Considering a stochastic economy is important because recent
theoretical and empirical results may lead to the conclusion that the
welfare increasing potential of bubbles due to prevention of capital
overaccumulation, that has been established for deterministic economies,
is irrelevant in stochastic production economies. On the one hand, re-
cently developed criteria for the assessment of dynamic inefﬁciency in
stochastic economies indicate that the US economy as well as the econ-
omies in other industrialized countries are dynamically efﬁcient (Abel et
al., 1989; Barbie et al., 2004; Cohen et al., 1995), which seems to rule out
the existence of bubbles. And on the other hand, theoretical models imply
that, even if economies were dynamically inefﬁcient, the resulting bubble
equilibria would eventually be unstable and, therefore, bubbles would no
longer be able to restore dynamic efﬁciency (Bertocchi, 1994).
The main objective of the paper is to show that the existence of
bubbles cannot generally be ruled out in stochastic economies and that
under certain conditions bubbles can still cure overaccumulation of
capital. Starting with a general overlapping generations model that
considers stochastic bubbles in a stochastic economy we show that risk
premia for investment in real capital as well as for investment in bubbles
play a crucial role in the resulting equilibria. Only if agents are risk
neutral the expected returns to both investments will be equal. However,
dynamic efﬁciency cannot be evaluated properly in this general model
as this is possible only for bubbles that exist for an inﬁnite future.
Analyzing a more restricted model of a stochastic economy with a never
collapsing bubble reveals that under these circumstances dynamic
inefﬁciency is not a necessary condition for the existence of stationary
bubbles.
But there remains the argument that stationary states in a stochastic
economy with a bubble are not stable. However, in a simulation exercise
we show that stationary bubbles can still exist over long time periods,
without exploding or converging towards zero, although not for an inﬁ-
nite future. But, as we will argue, an inﬁnitive future is not a relevant time
scale for actual economic decision making and theoretical results based
on the assumption of an inﬁnite future may not be directly applicable to
actually existing economies. Therefore, bubbles still possess a welfare
increasing potential in stochastic economies if these economies are in a
dynamically inefﬁcient state.
The paper is organized as follows. In Sect. 2, we present a short
overview of the existing literature concerning the welfare increasing
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potential of bubbles in dynamically inefﬁcient economies. In Sect. 3, we
present a simple overlapping generations economy, where we consider
the most general case of a stochastic bubble (bubbles that may collapse in
each period) in a stochastic production economy. Section 4 presents a
criterion for assessing dynamic inefﬁciency in stochastic economies
proposed by Zilcha (1991) and applies it to a special version of the model
developed in Sect. 3, where bubbles never collapse. Section 4 also
demonstrates how bubbles are able to cure stochastic economies from
capital overaccumulation and how the conditions for the existence of
bubbles are related to dynamic efﬁciency. Section 5 presents a simulation
of a bubble economy with logarithmic utility and a Cobb-Douglas pro-
duction function. Section 6 outlines some implications of this simulation
for empirical research concerning dynamic efﬁciency and the possible
existence of bubbles. Section 7 concludes and highlights the main results.
2 A Brief Survey of the Literature on Dynamic Inefﬁciency
and Bubbles
Research on bubbles has shown that, provided that agents have rational
expectations, bubbles can only exist in deterministic intertemporal econo-
mies if the number of periods is inﬁnite but agents’ time horizon is ﬁnite.
These conditions are fulﬁlled in an overlapping generations economywhere
each period the old generation of agents leaves the economy and a new
generation of agents enters the economy. However, a further necessary
condition for bubbles to exist in a deterministic overlapping generations
economy is that the economy is in a dynamically inefﬁcient state due to
overaccumulation of real capital (see Cass, 1972; Tirole, 1985;Weil, 1987).
An important implication of this result is the potential of bubbles to move
the economy towards dynamic efﬁciency as they reduce capital accumu-
lation. Therefore, sustainable bubbles can be considered to be beneﬁcial as
they increase the potential level of consumption for everybody. In this
respect, there is a tight connection between sustainable bubbles and sus-
tainable debt Ponzi games (inﬁnite government debt rollover) as the latter
are also able to reduce capital accumulation in an overlapping generations
model as shown in Tirole (1985).
Traditionally, overlapping generations models including bubbles con-
sider an economy where individuals have the possibility to invest either in
real capital or in a bubble. However, it has turned out that the conditions
under which bubbles may exist in these models crucially depend on
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whether the economy is deterministic or stochastic. Tirole (1985) has
established conditions under which a deterministic bubble may exist in a
deterministic economy without uncertainty about the return to real capital.
This model has been further developed by Weil (1987) who, in a similar
way, examines stochastic bubbles in a deterministic economy. These
models essentially show that dynamic inefﬁciency, which is characterized
by a growth rate of the economy above the return to capital (which equals
the riskless interest rate in a deterministic economy), is a necessary but in
the case of stochastic bubbles not sufﬁcient condition for the possible
existence of bubbles.
However, actual economies are stochastic and dynamic efﬁciency in
stochastic production economies has turned out to be a subtle issue (see
Abel et al., 1989; Barbie et al., 2001; 2004; Bertocchi, 1991; 1994;
Bertocchi and Kehagias, 1995; Blanchard and Weil, 2001; Zilcha, 1990;
1991).1 First of all, Abel et al. (1989) showed that a simple comparison of
the riskless rate and the growth rate of the economy cannot be used to
evaluate dynamic efﬁciency in a stochastic economy as it neglects the
impact of risk. Therefore, economies may still be dynamically efﬁcient
even if the average riskless rate is below the growth rate of the economy.
Abel et al. (1989) developed a different condition for dynamic efﬁ-
ciency from maximization of a social planner’s welfare function with
predetermined utility functions stating that an economy is dynamically
efﬁcient as long as gross proﬁts exceed gross investment in every year
(net cash ﬂow criterion). However, being a sufﬁcient condition for
dynamic efﬁciency, the net cash ﬂow criterion is often not conclusive in
particular models (such as the one presented in this paper), where the
return to capital ﬂuctuates and sometimes is above and other times is
below the growth rate of the economy (Blanchard and Weil, 2001).
Subsequently, Zilcha (1991) has derived a necessary and sufﬁcient con-
1 Abel et al. (1989), Bertocchi and Kehagias (1995), Blanchard and Weil
(2001), and Barbie et al. (2001), all emphasize that the concepts of dynamic
efﬁciency and Pareto optimality must be distinguished in stochastic economies.
Welfare evaluations are more complex than in deterministic economies because
inefﬁciency has two potential sources: capital overaccumulation and imperfect
risk-sharing between generations, which can both be cured by sustainable Ponzi
games or deterministic bubbles. Pareto improvements in dynamically efﬁcient
economies are still possible because of missing insurance markets. In this paper,
we will concentrate on the issue of overaccumulation, which is related to dynamic
inefﬁciency and neglect the issue of intergenerational risk sharing.
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dition for dynamic efﬁciency in stationary stochastic economies that,
similar to deterministic economies, compares the expected return to
capital to the growth rate of the economy, and which we will also use in
this paper. Both, the net cash ﬂow criterion and the criterion developed by
Zilcha appear to indicate that the US economy as well as the economies in
other industrialized countries are dynamically efﬁcient (Abel et al., 1989;
Barbie et al., 2001; 2004).
Even if dynamic efﬁciency can be assessed in a stochastic production
economy, there remains the question under what conditions bubbles can
exist and whether they can actually increase welfare. So far, there are very
few contributions that deal with these issues. Bertocchi (1991) examines
deterministic bubbles, which never burst, in a stochastic economy
showing that, in this case, there is no direct link between the existence of
bubbles and dynamic efﬁciency. And Bertocchi (1994) shows that the
conditions to ensure the existence of stationary states with rolled-over
debt (which can be interpreted as a deterministic bubble) are very
restrictive. Although bubbles may exist in stochastic economies, the
resulting equilibria appear to be unstable and the bubble either explodes
or converges towards zero. Therefore, bubbles cannot restore dynamic
efﬁciency forever as in a deterministic economy and the welfare
increasing potential of bubbles, that has been established for deterministic
economies, may not carry over to stochastic economies.
3 Description of a Stochastic Economy with a Stochastic Bubble
The following model is based on Diamond (1965), who used the over-
lapping generations model to describe a neoclassical production economy.
The economy consists of identical two-period-lived agents, so that, at any
point of time, there coexist two generations, the young and the old. An
agent of generation t consumes c1t when young and c2t when old. The
population born at time t and working during period t is denoted Nt and
grows at the rate n. Therefore, Ntþ1 ¼ Ntð1þ nÞ ¼ N0ð1þ nÞtþ1. Agents
work only in the ﬁrst period of their lives and supply inelastically one unit
of labor earning a real wage of wt. Output is given by the neoclassical
constant returns to scale production function Yt ¼ AtF ðKt;NtÞ, where At
denotes the level of productivity. Output is produced by ﬁrms, who
maximize proﬁts, hire labor and invest in capital to the point where wt and
the rental rate on capital equal the marginal product with respect to labor
and capital and, therefore, wt ¼ At½f ðktÞ  f 0ðktÞkt. Output per worker
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Yt=Nt, denoted yt, is given by the production function yt ¼ Atf ðktÞ, where
kt is the capital-labor ratio. Further, to simplify the following analysis, it is
assumed that AtF ðKt;NtÞ is a net production function2 with depreciation
already accounted for, that is twice differentiable, exhibits positive and
diminishing marginal products with respect to Nt and Kt and satisﬁes the
Inada conditions. Technological progress is not considered here but we
could easily introduce labor-augmenting technological change into the
model without altering the main thrust of the arguments.
In a fashion similar to Tirole (1985) and Weil (1987) we modify the
original Diamond model by enlarging the investment possibilities of each
agent. Agents can invest either in real capital or in bubbles, which in
period t can be bought at a price Pt. These bubbles may evolve on an
intrinsically useless asset (pure bubbles) or on assets with a market
fundamental, such as aggregate equities, whose fundamental value may
also change. In the latter case, Pt should actually be interpreted as the
bubble component of the asset’s total price. Tirole (1985) shows that the
results derived for bubbles on intrinsically useless assets can be gener-
alized to assets paying a dividend as long as dividends grow at a slower
rate than the economy as we will assume throughout the paper. In this
case, the price of the asset goes asymptotically towards the value of the
bubble component of the asset price. Therefore, we neglect the funda-
mental value and make the simplifying assumption that also in the case
when the bubble evolves on a dividend paying asset the value of the asset
equals the value of the bubble. We further assume that the asset, on which
the bubble evolves, is in ﬁxed supply, M, with m denoting the supply of
the bubble per worker.
The formalization of a stochastic bubble follows Blanchard (1979), and
Blanchard and Watson (1982). A bubble that exists in period t is supposed
to survive with a probability q in period t + 1 and, consequently, the
bubble collapses with probability 1 ) q. The price of the bubble, Ptþ1, in
period t þ 1 is governed by a Markov process where, as long as the
bubble survives,
Ptþ1 ¼ ð1þ rtÞq1Pt þ tþ1 ð1Þ
2 The net production function Atf ðktÞ is deﬁned as Atf ðktÞ ¼ AtgðktÞ  dkt,
where AtgðktÞ is the gross production function and d stands for the depreciation
rate.
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with rt denoting the required rate of return at time t, t being a stochastic
term with Etðtþ1Þ ¼ 0, and Pt; Ptþ1 > 0. Provided that Pt > 0 and that
investors are guided by rational expectations, the expected return to the
bubble conditional on information available at time t is therefore
EtðPtþ1Þ
Pt
¼ ð1þ rtÞq1: ð2Þ
In order to keep the model as simple as possible we will also model the
stochastic production economy by using ﬁxed probabilities. We assume
that yt may take on different values in each period through the level of
productivity At, which randomly ﬂuctuates between two states of nature
AH and AL. The level of productivity follows an i.i.d. process that is
stationary and given by
Atþ1 ¼ AH with probability z;
Atþ1 ¼ AL with probability 1 z;
where AH > AL > 0. The stochastic process governing production in our
overlapping generations model is identical to the stochastic process used
in the overlapping generations economy presented in Bertocchi (1994),
which makes our results easily comparable to the results presented there.
In order to make the model more tractable we will use the notation
AH ¼ ð1þ hÞAL where h > 0. In this case the expected value of Atþ1 in
each period is
EtðAtþ1Þ ¼ ð1þ hzÞAL:
An investor faces the constraints
wt ¼ c1t þ it þ Ptmt; ð3Þ
c2t ¼ itð1þ Atþ1f 0ðktþ1ÞÞ þ Ptþ1mt; ð4Þ
where it stands for investment in real capital. Assuming that utility is time
separable, a young born at time t, chooses c1t; c2t, and mt to maximize the
following expected utility function:
maxEt½uðc1tÞ þ buðc2tÞ
Bubbles in Stochastic Economies 185
subject to constraints (3) and (4). Et stands for the expected value con-
ditional on information available at t;b ¼ ð1þ UÞ1 is the subjective
discount factor with U being the subjective rate of time preference
(U > 0). Using (3) to substitute for it yields the following ﬁrst-order
conditions
Et½u0ðc1tÞ  b½1þ Atþ1f 0ðktþ1Þu0ðc2tÞ ¼ 0; ð5Þ
Et½u0ðc1tÞ  b qPtþ1Pt u
0ðc2tÞ ¼ 0: ð6Þ
The ﬁrst-order conditions (5) and (6) imply that for risk neutral agents, for
which u0() is a constant
qPtþ1
Pt
¼ 1þ Et½Atþ1f 0ðktþ1Þ ¼ 1þ ð1þ hzÞALf 0ðktþ1Þ; ð7Þ
which equates the expected return to the bubble to the expected return to
real capital.
Condition (7) only holds for risk neutral agents and we can make no
general statement, whether, for risk averse agents, the expected return to
the bubble must be larger or smaller than the expected return to real
capital. However, we can look at the two limiting cases where, ﬁrst, the
bubble is deterministic and, second, the return to capital is deterministic.
In the ﬁrst case, t ¼ 0 and q = 1, as the bubble will survive with certainty
in every future period. From (5) and (6), it follows:
Ptþ1
Pt
¼ Et½u
0ðc2tÞð1þ Atþ1f 0ðktþ1Þ
Et½u0ðc2tÞ
¼ Et½u
0ðc2tÞEt½ð1þ Atþ1f 0ðktþ1Þ þ COV ½ðu0ðc2tÞ; ðAtþ1f 0ðktþ1Þ
Et½u0ðc2tÞ
¼ Et½ð1þ Atþ1f 0ðktþ1Þ þ COV ½ðu
0ðc2tÞ; ðAtþ1f 0ðktþ1Þ
Et½u0ðc2tÞ : ð8Þ
As COV ½ðu0ðc2tÞ; ðAtþ1f 0ðktþ1Þ is always negative if u is strictly con-
cave, condition (8) implies that investors will demand a risk premium on
investment in real capital and that, therefore, the required return to capital
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must be higher than the return to the bubble with equality only holding for
risk neutral investors3
Ptþ1
Pt
 Et½ð1þ ALf 0ðktþ1Þ: ð9Þ
In the second case, where the economy is deterministic and, for example,
z = 0, conditions (5) and (6) imply4
qPtþ1
Pt
> 1þ ALf 0ðktþ1Þ: ð10Þ
Risk averse investors demand a risk premium on the bubble, and the
expected return to the bubble must be higher than the return to real
capital, as has already been shown in Weil (1987, p. 10)5.
Equilibrium on the market for the bubble (or the asset on which the
bubble evolves) requires that
mt ¼ MNt ð11Þ
(see Weil, 1987, p. 6). Equilibrium on the market for real capital requires
that
3 Condition (9) is very similar to condition (6) in Bertocchi (1991, p. 119) who
also examines a deterministic bubble in a stochastic economy.
4 From conditions (5) and (6), it follows that
qPtþ1
Pt
¼ ½1þ ALf 0ðktþ1Þ

qþ ð1 qÞ u
0ðc2tÞ
u0ðcþ2tÞ

 1þ ALf 0ðktþ1Þ;
where
cþ2t ¼ itð1þ ALf 0ðktþ1ÞÞ þ Ptþ1m;
c2t ¼ itð1þ ALf 0ðktþ1ÞÞ
showing that agents demand a risk premium on the bubble if u is increasing in c
and strictly concave. The term u0ðc2tÞ=u0ðcþ2tÞ generally increases with risk
aversion.
5 For a stationary bubble (9) implies qð1þ nÞ  1þ ALf 0ðkÞ, which is the
necessary condition for a stationary stochastic bubble to exist in a deterministic
economy (Weil, 1987, p. 13).
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ktþ1 ¼ ð1þ nÞ1it; ð12Þ
where
it ¼ i½wðAtktÞ;EtðAtþ1f 0ðktþ1Þ:
Letting bt ¼ Ptmt denote the per capita value of the bubble, the saving
of a young is st ¼ it þ bt: At time t the savings of the young depend on
their labor income w, which is a function of the product of At and kt,
and on the expected rate of return to savings, which is determined by
the expected value of the product of Atþ1 and f 0ðktþ1Þ and the expected
value of the bubble. A rational expectations equilibrium of this econ-
omy is a stochastic sequence fkt; btg1t¼0 that satisﬁes the ﬁrst-order
conditions (5)–(6) and the individual and economy-wide constraints
(Abel et al., 1989). A stationary equilibrium (a stationary state) of
fkt; btg1t¼0 is characterized by a stationary distribution (see Bertocchi,
1994).6
4 Existence of Bubbles and Dynamic Efﬁciency in a Stationary
Stochastic Economy
In this section, we will relate conditions for the existence of bubbles in
stochastic economies to the concept of dynamic efﬁciency. We want to
ﬁnd out whether dynamic efﬁciency is also a necessary condition for
bubbles to exist in a stationary stochastic economy as it is the case in a
stationary deterministic economy (Tirole, 1985; Weil, 1987). Our analysis
is based on the methodology proposed by Zilcha (1990; 1991), who
provides a complete characterization of dynamic efﬁciency without
6 It still remains an open question how stationary equilibria of a stochastic
bubble in a stochastic economy can be characterized in a complete way. In case of
a deterministic economy the resulting stationary state exhibits saddelpoint sta-
bility as shown for a deterministic bubble (Tirole, 1985, p. 1505) and for a
stochastic bubble (Weil, 1987, pp. 15–17).
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assuming particular preferences.7 But we have to take care of the fact that
Zilcha’s criterion is only applicable to the examination of a bubble that is
expected to exist for an inﬁnite period of time, where q = 1. Otherwise
Birkhoff´s ergodic theorem, on which the criterion is based, cannot be
applied (see Footnote 11). Therefore, we restrict our analysis to never
collapsing, deterministic bubbles, for which the risk premium demanded
on the bubble must be zero, as indicated by (8), and where t ¼ 0 for all t.
The following deﬁnitions are necessary in order to evaluate dynamic
efﬁciency in a stationary stochastic economy. In our speciﬁc model of
such an economy the ﬁrst-period consumption c1t of an investor born at
date t depends on the realizations of the level of productivity
(. . .A0; . . . ;At) until date t, where At 2 fAL;AHg denotes the realization
at each point of time. His second period consumption c2t depends on the
realizations (. . .A0; . . . ;Atþ1) till date t + 1. The capital stock kt+1
depends on the realizations (. . .A0; . . . ;At) until date t as it is determined
by it.
Given a feasible allocation from an initial capital stock k0, let W be the
set of all doubly inﬁnite sequences of random shocks A, i.e., A
2 fAL;AHg1. Let us deﬁne a shift operator T ; T : X ! X by TAt ¼ Atþ1
for all t, T1At ¼ At1 for all t. Because At follows an i.i.d. process in our
model, T is measure preserving and ergodic. Furthermore, Tf is deﬁned by
Tf (A) = f (TA) a.s. (almost surely), where f is a nonnegative function of A.8
Using these deﬁnitions allows us to write the marginal product in every
period t 9
rtðAÞ ¼ Atf 0ðktðAÞÞ a.s. ð13Þ
7 Zilcha makes one additional assumption about the elasticities of the pro-
duction function and the marginal product (Zilcha, 1991, p. 5). There exist four
constants 0 < m1, m2, m3, m4 < 1 such that for all k > 0 and AL and AH,
m1 <
kAtf 0ðkÞ
Atf ðkÞ < m2; m3 <
kAtf 00ðkÞ
Atf 0ðkÞ < m4:
We will make the same assumption when applying Zilcha’s efﬁciency criterion.
8 For further details, see Zilcha (1991, p. 4).
9 Zilcha (1991) deﬁnes the marginal product for the more general case of any
kind of stochastic shock while here we restrict our model to multiplicative
shocks.
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Analogously to a deterministic economy, where the focus is usually on
steady states, we consider stationary production-consumption allocations
in the stochastic economy. Consumption is a stationary process if at every
date t; c1tðAÞ ¼ c1ðT tAÞ a.s. for t  0, c 2tðAÞ ¼ c2ðT tAÞ a.s. for t  1.
If the consumption over time fc1t; c2tg1t¼0 is a stationary stochastic pro-
cess the capital stock fktg1t¼0 is also a stationary stochastic process with
ktðAÞ ¼ kðT t1AÞ a.s. for all t  0. The marginal products of capital are
also a stationary stochastic process frðT tAÞg1t¼0 where r(A) is deﬁned as
(Zilcha, 1991, p. 5)
rðAÞ ¼ A0f 0ðkðT1AÞÞ a.s. ð14Þ
The following dynamic efﬁciency criterion (15) uses the return to real
capital as deﬁned in (14). It states that a bubbleless stationary stochastic
economy starting from an initial capital stock kd0 is inefﬁcient if and only
if (Zilcha, 1991, Theorem 1, p. 8)
logð1þ nÞ > E½logð1þ rdðAÞÞ10; ð15Þ
where rdðAÞ is the return to real capital deﬁned in (14) in the bubbleless
stochastic economy. The criterion is built on the assumption that the
probability distribution of future states is known to investors in each
generation.
10 The criterion (15) follows from an extension of Cass’ (1972) general
inefﬁciency criterion that was developed for deterministic economies. It is for-
mulated in logarithms which makes it possible to apply Birkhoff’s ergodic the-
orem as the logarithm of an ergodic process is also an ergodic process (Breiman,
1968, Proposition 6.31). In this case, the expected value of log(1 + r d (A)) can be
derived from
1
N
XN1
t¼0
logð1þ rdðT tAÞÞ ! E½logð1þ rdðAÞÞ as N !1 a.s.
(Zilcha, 1991, proof of theorem 1, p. 12).
Moreover, the efﬁciency criterion is built on the concept of stochastic domi-
nance. Strictly speaking (15) only establishes dynamic inefﬁciency with respect
to ﬁrst degree stochastic dominance, which Zilcha labels type-I inefﬁciency.
Condition (15) also establishes dynamic inefﬁciency with respect to second
degree stochastic dominance (type-II inefﬁciency) if the utility u is predetermined
and stricly concave.
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We now consider an economy with a stationary bubble. In the ﬁrst
period, the economy starts with a capital stock k0 ¼ kd0  b0 ðkd0 > b0Þ
but otherwise it is identical to the bubbleless stochastic economy that
starts with capital stock kd0 as At is governed by the same stationary
stochastic process in both economies. Stationary stochastic allocations
including a bubble require that the bubble fbtg1t¼0 itself is also a sta-
tionary stochastic process, implying that the bubble does neither converge
to zero nor does it explode as t !1. This will be the case if at every date
t; btðAÞ ¼ bðT tAÞ a.s.
We assume that the existence of a stationary bubble is always associ-
ated with a decrease in the capital stock relative to the stationary sto-
chastic bubbleless Diamond economy (a restriction on tastes and
technologies).11 From this assumption it is obvious that
E½logð1þ ðrdðAÞÞ < E½logð1þ ðrðAÞÞ ð16Þ
because of the diminishing marginal returns with resepct to capital.
Condition (16) implies that the expected return to capital must be higher
in a stochastic economy with a bubble than in a bubbleless stochastic
economy. Furthermore, Jensen’s inequality implies that
log½Eð1þ rdðAÞÞ > E½logð1þ ðrdðAÞÞ: ð17Þ
Condition (17) shows that the condition for dynamic inefﬁciency in a
bubbleless economy (15) is less stringent than n > EðrdðAÞÞ, which
would be the generalization of the condition for deterministic economies
n > rd .
Combining the condition for dynamic inefﬁciency (15) with condition
(9) resulting from the utility maximization of risk averse investors allows
us to formulate the following proposition, which is the central result of
this section:
Proposition 1: In a stochastic economy, where the return to capital fol-
lows an ergodic stochastic process, dynamic inefﬁciency is not a neces-
sary condition for the existence of a stationary equilibrium with a
deterministic bubble.
11 This assumption is standard in the literature on bubbles and corresponds to
assumption A in Weil (1987, p. 12).
Bubbles in Stochastic Economies 191
Proof: Inequality (9) can be rewritten as
btþ1
bt
ð1þ nÞ  Et½ð1þ Atþ1f 0ðktþ1Þ ¼ Et½ð1þ rtþ1ðAÞÞ ð18Þ
or formulated in logarithms
logðbtþ1Þ  logðbtÞ þ logð1þ nÞ  log½Etð1þ rtþ1ðAÞÞ: ð18aÞ
Since bt and rt are stationary, it follows from Birkhoff’s ergodic theorem
that
1
N
XN1
t¼0
log½bðT tþ1AÞ¼ 1
N
XN1
t¼0
log½bðT tAÞ!E½bðAÞ as N!1 a.s. ð19Þ
and
1
N
XN1
t¼0
log½Etð1þ rðT tþ1AÞÞ ! log½Eð1þ rðAÞÞ as N !1 a.s.
ð20Þ
Using (19) and (20), we can take expectations on both sides of (18a) and
obtain
logð1þ nÞ  log½Eð1þ rðAÞÞ: ð21Þ
Let us combine (21) with the inefﬁciency condition in the bubbleless
economy (15). Consistency of these conditions leads to the requirement
that
E½logð1þ rdðAÞÞ < logð1þ nÞ  log½Eð1þ rðAÞÞ: ð22Þ
The requirement (22) shows that a stationary bubble may still exist
if condition (15) is not fulﬁlled, i.e., logð1þ nÞ  E½logð1þ rdðAÞÞ,
because risk averse investors require that the rate of return to capital
is higher than the return to the bubble, which equals the growth rate in
a stationary economy. Therefore (15) cannot be a necessary condition for
the existence of a stationary bubble. h
Proposition 1 can be compared to the conditions for the existence of
bubbles in deterministic economies derived in Tirole (1985, p. 1504) and
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in Weil (1987, p. 13). In a stochastic economy a stationary deterministic
bubble may even exist in a dynamically efﬁcient economy where
logð1þ nÞ < E½logð1þ rdðAÞÞ as the required return to the bubble is
lower than the expected return to capital. Generally, the conditions for
bubbles to exist are the easier fulﬁlled the lower the expected return to
investment in real capital and the higher is the risk premium demanded on
investment in real capital. This ﬁnding corresponds well to the literature
(Bertocchi, 1991; Bertocchi and Kehagias, 1995; Blanchard and Weil,
2001), which establishes an insurance role for deterministic bubbles (or
rolled-over debt), which is the more important, the riskier is investment in
real capital.
The interesting cases arise when logð1þ rdðAÞÞ ﬂuctuates above and
below log(1 + n) randomly. Then the current value of the marginal
product of capital cannot be used as an indicator in order to determine
whether bubbles may exist. It is the expected path of future states
(which investors infer from the observed history of past states) that
determines dynamic efﬁciency and the possible existence of bubbles in
the stochastic economy. This fact has important implications for
empirical research on dynamic efﬁciency as will be shown in the
following sections.
5 Simulation of a Bubble in a Stochastic Economy with Logarithmic
Utility and Cobb-Douglas Production Function
So far we have established conditions under which bubbles may exist in a
stationary stochastic economy and we have shown that they are able to
cure overaccumulation of capital. However, we have not discussed the
stability properties of the stationary equilibria with a positively valued
bubble. According to Bertocchi (1994), stationary states with a deter-
ministic bubble can be characterized as a stable set12, where the capital
stock kt once it enters an interval [kmin, kmax] will never leave it thereafter.
However, a stable set does not exist, provided that saving is a non-
decreasing function of the interest rate (Bertocchi, 1994, p. 504). This
result would imply that bubbles are not able to permanently cure econ-
omies from capital overaccumulation (Bertocchi, 1994, p. 506). There-
fore, the question arises: Do bubbles still have a role to play in stochastic
economies?
12 See Wang (1993, p. 428) for a deﬁnition.
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In this section, we will present a simulation of a stationary stochastic
‘‘bubble economy’’ showing that, if we assume speciﬁc utility and pro-
duction functions, stationary bubbles can exist for extended periods under
plausible conditions in spite of the eventual instability of the resulting
stationary state. As soon as we describe actual economies and leave our
highly stylized model world, dynamic efﬁciency can only be assessed by
looking at the ﬁnite history of a speciﬁc economy.13 And from the rela-
tively short history that economic agents are actually able to observe, they
are generally unable to infer the stability properties, which have been
established for overlapping generations economies that exist for an inﬁ-
nite period of time. Consequently, what matters in the real world is
dynamic efﬁciency as it is perceived over a ﬁnite period.
Given the existence of a temporary stationary equilibrium over a ﬁnite
number of periods, rational economic agents have no other choice than to
base their expectations of the future development on this particular his-
tory of the economy and to assume that the equilibrium will also prevail
in the future. This is due to the fact that from the observed history it is
impossible to infer whether the bubble will remain stationary, will
eventually explode, or will converge towards zero. Over ﬁnite periods,
bubbles can still be considered to be welfare increasing even if, over an
inﬁnite time period, they are not. But the inﬁnite time scale is beyond the
scope of actual decision making of economic agents.
Consider an economy with a logarithmic utility function and a Cobb-
Douglas production function with multiplicative shocks At, i.e.,
uðctÞ ¼ logðctÞ and yt ¼ Atkqt  dkt; where d stands for the depreciation
rate.14 Based on these assumptions the dynamics of a bubbleless economy
characterized by (5), (6), with Pt ¼ Ptþ1 ¼ 0; and (12) are expressed by
the ﬁrst-order, nonlinear difference equation in kdt
kdtþ1 ¼
ð1 qÞAtðkdt Þq
ð2þ /Þð1þ nÞ : ð23Þ
13 This point is also highlighted by Zilcha (1991, p. 6), and Barbie et al.
(2004). It is also very common to use the relatively short history of stock prices to
assess expected returns and risk premia on the stock market because this is the
only information available to investors.
14 A logarithmic utility function is assumed because otherwise the ﬁrst-order
conditions (5), (6) cannot be solved analytically.
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If there is a bubble, the dynamics of the economy characterized by (5),
(6), (11) and (12) can be expressed by a system of two ﬁrst-order, non-
linear difference equations in ðkt; btÞ:
ktþ1 ¼
ð1qÞAtkqt
ð2þ/Þ  bt
1þ n ; ð24Þ
btþ1
bt
ð1þ nÞ ¼ 1þ 1þ hzð1þ ðALqk
q1
tþ1  dÞÞ
ð1 zÞð1þ ð1þ hÞðALqkq1tþ1  dÞÞ
 !
 ðALqkq1tþ1  dÞ: ð25Þ
According to Blanchard and Fischer (1989, p. 147) the following
parameter values for n; d and / are plausible for a period of about 30
years and they have to be altered if the model is applied to shorter time
scales. Speciﬁcally we assume: q ¼ 0:25;AL ¼ 20;AH ¼ 22 (therefore, h
= 0.1), z = 0.5, n = 0.35, d = 1, / = 0.85. The simulation is done for one
hundred periods and the values for At are generated by using a random
number generator to pick the values 20 and 22 with equal probability. The
simulations are displayed in Fig. 1.
Fig. 1. Simulation of a stochastic economy without a bubble compared to a
simulation of a stochastic economy with a bubble over 100 periods. The ﬁgure shows
the per capita levels of capital and the bubble as calculated by Eqs. (24)–(25)
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First, we simulate a bubbleless economy described by (23) starting
with an initial value of kd0 ¼ 7 in the ﬁrst simulation period. However, if
we start with different initial values ðkd0 > 0Þ, capital stocks quickly
converge to the same path kdt after a few periods for a given sequence of
At. In our example, the capital stock kdt ﬂuctuates between values of 6.14
and 6.97 while the marginal product rdðAtþ1; T tAÞ ﬂuctuates between
values of 0.16 and 0.41. It can be shown that the interval
½kdmin; kdmax ¼ ½6:14; 6:97 is a stable set, which, because of our assump-
tions of a logarithmic utility function and of a Cobb-Douglas production
function, also exhibits global uniqueness and stability for kd0 > 0 (Wang,
1993, p. 433). Once the economy enters the interval ½kdmin; kdmax it stays
there forever. Moreover, using random dynamical systems theory, kdt can
be described as a globally attracting random ﬁxed point (Peter and
Schenk-Hoppe´, 1999; Schenk-Hoppe´ and Schmalfuss, 2001).
If we assume that agents know the particular history of the economy
for the simulated time span of 100 periods, they can only base their
expectations on these past observations and the expected value E½rdðAÞ is
the mean of the 100 observed values. Observing the history of our sim-
ulated bubbleless economy, agents will calculate that E½logð1þ rdðAÞ is
equal to 0.11 while log(1 + n) equals 0.13. Therefore, the economy is in a
dynamically inefﬁcient state where the average lifetime consumption of
an agent is 26.83. However, the dynamic inefﬁciency cannot be inferred
from observing the current state of the economy because 1þ rdðT tAÞ
ﬂuctuates between values that are below and above 1 + n.
Second, we simulate an economy with a temporarily stationary deter-
ministic bubble described by the system (24), (25).We use the same random
numbers as in the bubbleless economy starting with initial values of k0 ¼ 7
and b0 ﬃ 0:6761. In this case, the system is very sensitive to the choice of
the initial values k0; b0. Given k0 ¼ 7, and the particular sequence of ran-
dom numbers picked for the simulation, there is only a very small range of
initial values around 0.6761 that leads to a stationary bubble over 100
periods. Otherwise the bubble will either explode (if b0 > 0:6761) or
converge towards zero (if b < 0.6761) within this time span.15
15 A different sequence of random numbers would of course require a different
initial value b0 for the bubble to be stationary over the time span of 100 periods. I
have simulated various bubble economies described by the system (24), (25) with
different parameter values and it is always possible to ﬁnd bubbles that are
stationary for the simulated time span of 100 periods.
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In the simulated example, the capital stock kt now ﬂuctuates between
values of 5.42 and 6.30 after a few periods and is, therefore, on a lower
level than in the bubbleless economy. The marginal product ﬂuctuates
between values of 0.26 and 0.53 and E[log(1 + r(A))] equals 0.14.
Therefore, the bubble economy is temporarily dynamically efﬁcient
because log(1 + n) < E[log(1 + r(A))] and the average lifetime con-
sumption is now 27.13 as compared to 26.83 in the bubbleless economy.
The bubble itself ﬂuctuates between values of 0.57 and 0.82. The sim-
ulation provides an example where a stationary bubble is able to tem-
porarily remove the dynamic inefﬁciency in a stochastic economy and is,
therefore, welfare increasing over the simulated time periods. Even in a
period t where 1þ rðT tAÞ > 1þ n a bubble may exist and it keeps the
expected return to capital at a level that is dynamically efﬁcient.
The analysis in Bertocchi (1994, p. 504) shows that the stationary
equilibrium in the corresponding deterministic economy with logartihmic
utility andCobb-Douglas production functionwould be a saddlepoint. But a
stable set does not exist for the stochastic economy, which rules out the
existence of a stochastic stationary state. However, as the simulated pattern
of the stochastic economywith a bubble shows, the economy still appears to
be stationary for the simulated time span. Therefore, agents may rationally
assume that the stationary set will prevail in the future, because agents just
know the particular history of the economy over the simulated 100 periods.
This is the important message from our simulation exercise.
In reality the potential of bubbles to cure overaccumulation of
capital will also hinge on factors that contribute to the sustainability of
bubbles. In this section and Sect. 4, sustainability was assumed by
limiting the analysis to deterministic bubbles. But in reality investors’
conﬁdence in the future survival of a bubble will be a crucial factor in
this respect. Bubbles probably also need to be ‘‘managed’’ in order to
be sustainable. If, for example, the central bank issues warnings that
stock prices are overvalued when bubbles are in danger of exploding
and, on the other hand, emphasizes the strength of the economy when
bubbles are in danger of bursting or converging towards zero, bubbles
may become more sustainable. Therefore, it would also be useful to
develop models that integrate behavioral explanations of investors’
conﬁdence as they may substantially alter the stability properties of
bubble equilibria. A ﬁrst step in this direction is Bertocchi and Wang
(1995) who endogenize the probability that the bubble collapses by
linking it to past observations.
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6 Empirical Evidence on Dynamic Efﬁciency
and the Existence of Bubbles
Existing empirical research appears to indicate that the US economy as
well as the economies in other industrialized countries are dynamically
efﬁcient. Cohen et al. (1995) infer the marginal product of capital from
capital’s share of GDP and calculate golden rule levels of the capital stock
and of net investment as a percentage of GDP, which they compare to the
actual levels in the US over the period from 1980 to 1994. According to
their results the actual levels of the capital stock and of net investment are
below the golden rule levels and, therefore, the US economy would be
dynamically efﬁcient. More recently, Mulligan (2001) provides a series of
pre-direct tax return to capital (capital rental rates) in the US, where the
return to real capital is capital income net of depreciation as a percentage
of the capital stock. On average, the return to capital was 8.3 percent over
the period from 1929 to 1997 and ﬂuctuated between values of 3.7 per-
cent and 12.5 percent. Taking the 8.3 percent calculated by Mulligan
(2001) and using the dynamic efﬁciency criterion derived by Zilcha
(1991), Barbie et al. (2001; 2004) ﬁnd the US economy to be dynamically
efﬁcient from 1929 till 1997 and 1890 till 1999, respectively.
Assessing dynamic efﬁciency by using aggregate measures of the
capital stock can be subject to severe measurement errors. This difﬁculty
is avoided by the net cash ﬂow criterion developed by Abel et al. (1989),
which states that an economy is dynamically efﬁcient as long as gross
proﬁts exceed gross investment in every year. This (sufﬁcient) criterion
also seems to be fulﬁlled for the US over the period from 1929 to 1985
and for other OECD countries from 1960 to 1984 as shown in Abel et al.
(1989), although the result has been criticized on various grounds
(Anderson, 1993; Bullard and Russell, 1999; Barbie et al., 2004).
Given the empirical evidence in favor of dynamic efﬁciency of the US
economy and other OECD countries, it has usually been argued that
stationary bubbles cannot exist in these economies as dynamic efﬁciency
rules out the existence of bubbles. However, based on the simulation
presented in this paper, this conclusion may be questioned for a reason,
that has not been mentioned in the literature so far. Empirical research on
dynamic efﬁciency can hardly distinguish between an economy that is
dynamically efﬁcient without a bubble and an economy that is dynami-
cally efﬁcient due to the existence of a bubble. Bubbles are hard to
identify in stochastic economies where uncertainty about the future
198 M. Binswanger
development of the economy is a pervasive phenomenon and where the
market fundamentals depend on unobservable expectations. Therefore,
empirical reasearch which indicates dynamic efﬁciency of existing
economies may not be used as an argument to rule out the existence of
bubbles in these economies.
Relating our model to the more recent history of the US economy over
the 1980s and 1990s, there is some evidence that bubbles could indeed
have helped to keep the economy in a dynamically efﬁcient state. If
markets are characterized by excess capacities and saturation as seemed to
be the case in several sectors of the US economy during the 1980s
(Jensen, 1988; 1993), the return to capital tends to be low. In the early
1980s, many investors reacted to the low returns to real capital by
investing in already existing companies (mergers and acquisitions wave)
instead of investing in new real capital (see Jensen, 1993). This change in
investment behavior caused stock prices to surge, while gross investment
in real capital as a share of GDP came down over the 1980s. The
unprecedented rise in stock prices over the 1980s and 1990s can be
interpreted as a speculative bubble (see, for example, Binswanger, 1999;
Shiller, 2000) that helped to restore the return to real capital above its low
level in the early 1980s. Even if empirical research indicates dynamic
efﬁciency by looking at data from these years it may be the result of an
existing bubble that prevented the economy from overaccumulation of
real capital. Under these circumstances dynamic efﬁciency would not rule
out the existence of a bubble. On the contrary, the result would be the
outcome of an already existing bubble.
7 Conclusion
In this paper we presented a simple model where the economy ﬂuctuates
between two states of nature captured by the level of productivity and
highlighted conditions under which bubbles may exist in this economy. It
turns out that under these conditions dynamic inefﬁciency is not a nec-
essary condition for the existence of bubbles and a stationary bubble may
even exist in a dynamically efﬁcient economy. Generally, given the
growth rate of population, the conditions for bubbles to exist are the
easier fulﬁlled the lower is the expected return to investment in real
capital and the higher is the volatility of these returns.
However, the theoretical results derived from the model presented in
Sects. 3 and 4 cannot provide an answer to the important question
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whether the welfare increasing potential of sustainable bubbles in
dynamically inefﬁcient economies is of any relevance to actual econo-
mies, as there exist theoretical and empirical arguments that question the
feasibility of curing these economies from capital overaccumulation.
Theoretical models (Bertocchi, 1994) suggest that, even if economies
were dynamically inefﬁcient, the resulting equilibria would eventually be
unstable. And empirical results indicate that the US economy as well as
the economies in other industrialized countries are dynamically efﬁcient.
In order to deal with these arguments we also presented a simulation of a
stationary stochastic bubble economy showing that bubbles can indeed
exist over long periods and that they are able to increase economic welfare.
Bubbles may also prevent stochastic economies from capital overaccu-
mulation and, therefore, this important welfare increasing potential of
bubbles, which was derived for deterministic economies by Tirole (1985),
may also be valid for actual economies. Furthermore, the simulation also
shows that an economy may exhibit dynamic efﬁciency precisely because
bubbles already exist. Consequently, empirical results based on current or
past data of existing economies indicating dynamic efﬁciency (see, for
example, Abel et al., 1989; Barbie et al., 2001; 2004; Cohen et al., 1995)
cannot generally be used to rule out the existence of bubbles.
Finally, we have to emphasize some of the aspects that could not be dealt
with in the simple model presented in this paper, which however are
important. Assessing dynamic efﬁciency by using the criterion developed
by Zilcha (1991) was only possible by restricting the analysis to stationary
deterministic bubbles, which are sustainable in the long run. Therefore, a
characterization of the dynamics of a stochastic bubble in a stochastic
economy is still missing and it is still unclear how the results would translate
into a nonstationary economy.16 Furthermore, the paper also shows the
limits of models built on rational expectations to deal with phenomena such
as speculative bubbles. Therefore, the integration of behavioral decision
theory in these models may be a promising direction for future research.
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